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Abstract 

We consider a relation between local and global characteristics of a 
differential algebraic variety. We prove that dimension of tangent space for 
every regular point of an irreducible differential algebraic variety coincides 
with dimension of the variety. Additionally, we classify tangent spaces at 
regular points in the case of one derivation. 



1 Introduction 

We investigate the local behavior of differential algebraic variety. We mostly 
attend to tangent spaces and relation between their characteristics and char- 
acteristics of the variety. We prove two main results. The first one gives an 
estimate on dimension of associated graded algebra (theorem [TTj) . The second 
result is a classification of tangent spaces at regular points in the case of one 
derivation (theorem 1 16)) . 

In section [2] we briefly recall some definitions. Next section [3] is entirely 
devoted to an auxiliary technique used further. In subsection 13.11 the notion of 
height of finitely generated algebra over a field is discussed. In subsection 13.21 
we introduce the notion of differential dimension. Differential dimension is de- 
fined for differentially finitely generated algebras over a field (section 13.2. 1|) 
and for differential algebras of finite type (section 13.2.2)) . To investigate the 
local structure of differential algebraic variety we need the notion of tangent 
space. In section 13.31 we introduce the notion of linear differential space. All 
tangent spaces appeared are linear differential spaces. So, investigation of such 
spaces is a preparation for investigation of tangent spaces. Subsection 13.3. II is 
devoted to the definition and basic properties. Additionally, a theorem about 
correspondence between submodules and subspaces is proven in this subsec- 
tion (theorem [8|) . Subsection 13.3.21 introduces some useful technique for further 
applications. Using this machinery, in subsection 13.3.31 we define differential 
dimension polynomial of linear differential space. Section |4] is devoted to the 
first main result - theorem 1111 This result gives us an estimate on dimen- 
sion of associated graded algebra. Additionally, we present an example showing 
that in this estimate the inequality can not be changed to the equality. Next 
section [5] is devoted to an application of obtained results to tangent spaces. 
In subsection 15.21 we recall the notion of regular point. We show that differ- 
ential dimension polynomial of tangent space at regular point coincides with 
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differential dimension polynomial of the variety (statement fT5|) . The result of 
section [4] is applied in subsection 15.31 to describe the behavior of points similar 
to regular ones. In last section [5] we classify tangent spaces at regular points of 
an irreducible differential algebraic variety in the case of one derivation. The 
main result is theorem [TO] Additionally, we present an example showing that 
structure of a tangent space depends on the choice of a regular point. 

Acknowledgement. The author appreciate to Marina Kondrateva for her re- 
marks and advices. The correct version of theorem [16] and example 1 1 71 appeared 
due to Marina Kondrateva. 

2 Terms and notation 

The word ring means an associative commutative ring with an identity element. 
All homomorphisms preserve the identity element. A differential ring is a ring 
with a finitely many pairwise commuting derivations. The set of all derivations 
will be denoted by A. Additionally, we suppose differential rings to be Ritt 
algebras. The field of fractions of an integral domain A will be denoted by 
Qt(A). 

3 Preliminaries 

In this section we develop an auxiliary technique. 
3.1 Dimension 

The section is devoted to the notion of the height of finitely generated alge- 
bra over a field. Additionally, we shall fix notation and recall the notion of 
dimension. 

Let if be a field, and let B be a finitely generated algebra over K. Let a 
family ) generate the algebra B over K. Define the following 

subspaces 

I = <Xi,...,X n > K , 1° = K 

and 

n 

Consider the following function Xx{n) = dim/f /„. 
Statement 1. Using notation above, the following holds: 

1. The function Xx{n) coincides with a polynomial for sufficiently large n. 

2. If y = (j/i, . . . , yt) is another system of generators, then 

degXx = degXy 
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Proof. Let us show the first statement. The algebra B can be presented as 
follows 

K[x\, . . .,x n ]/a. 

Let some order on monomials of K[x±, . . . ,x n ] be fixed. We suppose that the 
order preserve degree, for example deglex. Let g±, . . . , g s be a Grobner basis of 
a. Then dimension of /„ coincides with the number of all monomials of degree 
less then of equal to n such that they are not divided by the leading monomials 
of gi. Due to lemma [3 chapter 0, sec. 17, lemma 16] it is clear that the number 
of such monomials coincides with some polynomial. 

Let us prove the second statement. Let some other system of generators y 
be given. The corresponding sequence of subspaces will be denoted by J n . Then 
for some mo we have the inclusion J C I mg . Hence 

(mo \ m mom 
£/* c£/ fe = / mom . 
k=0 I k=0 

Consequently, Xy{ m ) ^ Xz( m o m )- ln analogue way we have that for some no 
the inequality Xz( n ) ^ Xy( n o n ) holds. Since both functions are polynomials, 
degxx = degxy □ 

Degree of polynomial Xx will be called a height of algebra B and will be 
denoted by ht B — deg Xx ■ The previous statement guaranty that the notion of 
height does not depend on the set of generators. Now we shall prove some basic 
properties of height. 

Statement 2. Let A and B be finitely generated algebras over a field K . Then 
the following holds: 

1. If AC B, then ht A ^ UB. 

2. If B is a quotient algebra of algebra A, then hi A ^ ht-B. 

3- If A C B and B is integral over A, then ht A = ht-B. 

4- The height of polynomial ring in n variables coincides with n, in other 
words 

ht K[x%, . . . , x n ] = n. 

5. Let some set of algebraically independent elements y\, . . . , y n of algebra A 
be chosen such that algebra A is integral over K[yx, . . . , y n ], then ht A = n. 

Proof. (1). Let x = (xi, . . . , x n ) be a family of generators of A. This family can 
be extended to a set of generators of B. Assume that i' = iU{ x n+ i, . . . , x r }. 
Let / = <X\, . . . , x n > and J = <X\, ■ ■ ■ , x r >. Then /„ C J n . Consequently, 
Xx(n) < Xx'(n). And thus dcgXx ^ degXx'- 

(2). Let x ~ (x\, . . . , x n ) be a family of generators of A. The images 
of elements of x will be chosen as the generators of B. Let /„ and J n be 
corresponding sequences of subspaces in A and B respectively. Then J n is the 
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image of /„ under the quotient mapping. Consequently, Xx{n) Xx{n). So, 
degxx > dcg 

Xx- 

(3) . From item (1) it follows that ht A ^ Y&B. We just need to show the 
other inclusion. Let a family mi, . . . , m r generate B as a module over A. Then 
for some x\^ we have m^m^ = Xfc^ij" 1 *- Let us chose a family of generators 
of A such that the set x\^ is included to the chosen family of generators. Let 
denote this family by x and the corresponding sequence of subspaces by I n . We 
shall denote by y the following set of generators of B: Xiirij whenever x\ s x 
1 ^ j ^ r. The corresponding sequence of subspaces for ?/ will be denoted by 
J n . From the definition we have J = Im\ + . . . + Im r . Then 

n n / r \ ^ n 

J » = E Jl = E E Jm - = E E Ikm ^ ■ ■ • mi « ^ 

k=0 k=0 \i=l ) fc=0 

n r r / n \ r 

<= E E /2fc_1 ^ = E E /2fc_1 m ^ E 7 ^-i^- 

fc=0 i=l i=l \fc=0 / i=l 

Consequently, Xj/(n) ^ rxxi^n - 1). So, degx a < degx^- 

(4) . A straightforward calculation show that the number of all monomials in 
n variables of degree not greater than m is equal to ("^ m ) ■ The last expression 
is a polynomial in n variables of degree m. 

(5) . The statement is an immediate corollary of previous two items. □ 

Now we shall recall the notion of dimension for a ring A. We use the same 
notation as in books [T] and [5]. The Krull dimension of algebra A will be 
denoted by dim A. If A is a local ring with a maximal ideal m, then G m (A) will 
denote the corresponding associated graded ring, in other words 

oo 

Gm(A) = 0m7m" +1 . 

k=0 

Let 

OO 

F(t) = ^dim A/m m"/m" +1 

be the Poincare series of G m (A) (see [U chapter 11, sec. 1]). Order of the pole 
of P{t) at t = 1 we shall denote by d(A). Speaking about height of the algebra 
G m (A m ), we shall consider this ring as the algebra over the field A/m. 

For every local noetherian ring A there is the equality dim A — d(A) (see [TJ 
chapter 11, sec. 2, th. 11.14]). From the other hand, if A is a finitely generated 
integral domain over a field, then it is universally catenary (see [HI chapter 5, 
sec. 14, coroll. 3(2)]). Thus for every maximal ideal m of A we have dimA = 
d(A m ). 

Statement 3. Let A be a finitely generated algebra over a field K , and let m 
be a maximal ideal of A. Then the following holds: 
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1. Y&A = dim A. 

2. If A is an integral domain, then 

htG m (A m ) = d{A m ) = dim A. 

Proof. (1). Consider the Noether's normalization of A. So, there is a family of 
algebraically independent elements y% , . . . , y r of A such that A is integral over 
K[yi, . . . ,y r ]. Then from condition (5) of previous statement it follows that 
ht A = r. Corollary [8, chapter 5, sec. 14, coroll. 1] guaranties that dirndl = r. 

(2). Corollary 8, chapter 5, sec. 14, coroll. 3(1)] shows that d(A m ) = dim A. 
Corollary [TJ chapter 11, sec. 1, coroll. 11.2] guaranties the other equality. □ 

3.2 Differential dimension 

3.2.1 Differentially finitely generated algebras 

At present there are two different ways to define differential dimension of differ- 
entially finitely generated algebra over a differential field. We shall recall both 
definitions and show that they gives the same results. 

Let K be a differential field with a set of derivations A, and let the number 
of derivations equals m. Consider an algebra A differentially finitely generated 
over a field K. Let x — {x\, . . . ,x n ) be a system of differential generators of 
A, in other words A = K{x\, . . . , x n }. We shall define the notion of differential 
height of A. Let Ak — K[$xXx, ■ ■ ■ , d n x n | ord#, < fc]. For every ideal a of A 
the image of the system x in A/ a will be denoted by x. Consider the function 
x£(k) = dimAfc. 

Statement 4. Using notation above the following holds: 

1. The function Xx{t) * s a polynomial for sufficiently large t. 

2. Let I be degree of the polynomial Xx(t) an d a k oe coefficient at t k . Then 
the numbers I and ai do not depend on the system x. Moreover, I does not 
exceed m, and the number di = V.ai is integer. Particulary, the number 
d m = m\a m is integer. 

3. Let pi, . . . , p r be the set of all minimal prime (and thus differential) ideals 
of A. Then 

for some j. 

4- If A is an integral domain, then d m coincides with differential transcen- 
dence degree of the fraction field of A over K . 

Proof. Let n be the nilradical of A, then its contraction to Ak coincides with 
the nilradical \\k- Since dim Ak = dimA/j/ri/t, we may suppose that our algebra 
is reduced. Let contraction of ideal pi to A^ be denoted by pik- Then from the 
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definition of Krull dimension we have dimAfe = max^ dim Ak/pik- Since A/pi is 
an integral domain, theorem [7[ chapter 2, sec. 12, th. 6(a)] guaranties that for 
sufficiently large k the functions 

X^ /P '(k) = dim(A/ Pl ) k = dimAt/Ptt 
are polynomials of degree not greater than m. Consequently, 

max X^ /Pl (k) 

coincides with one of the polynomials x^^ 3 (&) f° r some j. The last polynomial 
coincides with Xx(k)- So, we have proven (1) and (3). 

Let us show that degree I and the leading coefficient a; do not depend on 
the choice of x. Let y = (yi, . . . , y s ) be other system of differential generators. 
The corresponding filtration will be denoted by A' k . Then for some fco we see 
that Xi belong to A' ko . Consequently, we have Ak C A' k+ko . And thus 

x£(*)<x£(* + **>)• 
By the similar arguments we have the other inequality 

Xy{r) ^ Xx{r + ro). 

So, degree and leading coefficient of these polynomials coincide. The fact that I 
is not greater than m has been proven. Let us show that l\ai is integer. Indeed, 
since Xx CO ^ s integer for sufficiently large t, the polynomial 

A x *(t) = x*(t)-X*(t-1). 

has the same property. Then the number di = A'x^(i) = l^-a-i is integer. The last 
item of the statement follows from theorem chapter 2, sec. 12, th. 6(c)]. □ 

We shall use the notation of the previous statement. The number I is called 
a type of differential algebra A and denoted by type A. The number di is called 
a typical differential height of A. The number d m is called a differential height 
of A and is denoted by htA A. This definition is due to J. Kovacic. If A is a 
local differential ring of finitely generated type over a field (A is a localization 
of differentially finitely generated algebra), saying about differential height of 
G m (A), we shall consider this ring as an algebra over the field A/m. 

The following definition appeared in [3l sec. 1, pp. 207-208]. For every 
differentially finitely generated algebra over a field K consider the function 

pi : Spec A A x Spec A A^ZU {oo} 

defined in lemma [31 pp. 208]. Then the maximal value of the function fi will be 
called a differential Krull type of A and denoted by type^- A. Theorem [3j sec. 2, 
pp. 208] says that differential Krull type does not exceed m. Consider a longest 
chain of prime differential ideals po 2 pi 2 •■■ 2 pt such that /i(pi,pi+i) = 
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type^ A. Then the maximum of such k will be called a typical Krull dimension 
of A. Differential Krull dimension of A is the maximum of k such that po D 
pi 2 • • • 2 Pfe and /i(pi,pi+i) = m. It is clear, that differential Krull dimension 
equals zero if and only if differential Krull type is less than m. Differential Krull 
dimension will be denoted by dimA A. It should be noted that our definition 
of Krull dimension a little bit differ from the initial one. Theorem [3] sec. 2, 
pp. 208] says that if A is an integral domain, then differential Krull dimension 
coincides with differential transcendence degree of fraction field of A over K. 
From item (4) of the previous statement we have. 

Statement 5. Let A be a differentially finitely generated integral domain over 
a field K . Then Ma A = diniA A. 

We shall show that the equality holds in the case of arbitrary differentially 
finitely generated algebra. 

Statement 6. For any algebra A differentially finitely generated over K there 
is the eguality Ma A = dimA A. 

Proof. From statement U it follows that Ma A coincides with the maximum of 
htA^4/pi, where p^ is a minimal prime differential ideal in A. From the other 
hand, from definition it follows that dimA A coincides with the maximum of 
dimA^4/pi, where pi is a minimal prime differential ideal of A. From previous 
statement it follows that both these numbers coincide. □ 

3.2.2 Differential algebras of finite type 

Let A be a differential algebra over a field K such that there exists a system 
of elements x = (xi, . . . , x n ) in A with the following property. Algebra A 
coincides with K{x\, . . . , x„} p , where p is a prime ideal of K{x\, . . . , x n }. The 
system of elements x will be called a system of local generators of A. Let B 
denote the differential subalgebra in A generated by Xi, . . . , x n . The maximal 
ideal of A will be denoted by m. The images of Xi in B/p will be denoted by 
Xi. Then the system x = (xi, . . . , x„) is a system of differential generators of 
B/p. For a given system of generators x we shall define the following rings 
B r = K[6iXi | ord6»i < r] and (B/p) r = K[6.^i \ ordfl, < r]. Then define 
p r = B r n p, A r = (B r ) Pr , and the maximal ideal of A r will be denoted by m r . 
Consider the function Xx(t) — dim At. 

Statement 7. Using notation above, the following holds: 

1. The function Xx(t) coincides with a polynomial for sufficiently large t. 

2. Let I be degree of the polynomial Xx(^)j an d a k be its coefficients at t k . 
Then numbers I and ai do not depend on choice of x. Moreover, I is not 
greater than m, and the number di = l\ai is integer. Particulary, the 
number d m = mla m is integer. 
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3. Let pi, . . . , p r be all minimal prime (and thus differential) ideals of algebra 
A. Then 

for some j. 

Proof. Let us show the equality dimA t = dim_B f — dim(_B/p) t . Since B can be 
embedded to A, every minimal prime ideal of A is contained in ideal p. Let us 
denote the contraction of pi to B t by pu. Then from corollary 8, chapter 14, 
sec 14. H, coroll. 3] we have 

dimA t = max (dim A t /pit) = max (dim_Bt/pj t ) — dimS t /p t = 

= dimi? t — dim_B t /p t = dim£?t — dim(£?/p) t . 

So, 

X *(t) = max X ^(t) = X * (*) - x| /P 

Additionally the polynomial Xx(k) has integer values and is of degree not 
greater than m, because it is a difference of two polynomials of degree not 
greater than m. 

Let y = {yi, ■ ■ ■ ,y s ) be some other system of local generators of A. The 
corresponding filtration will be denoted by A' k . Then for some ko we have 
Ao C A' ko , and thus Au C A' k+ko . Hence 

Xx(k)^xt(k + k ). 
Using analogous arguments we have the other inequality 

Xy(*)<Xx(* + *0)- 

Therefore degrees and the leading coefficients of these polynomials coincide. 

Since polynomial Xx(k) has integer values for sufficiently large k, the poly- 
nomial Axx(t) — Xx(t) — Xx(t — 1) has integral values too. So, the coefficient 
di = A l Xx(t) — Hai is integer, where a; is the leading coefficient. □ 

Degree of the polynomial \x i s called a differential type of algebra A. Coef- 
ficient d m is called a differential height of A, and coefficient di is called a typical 
differential height. 

3.3 Linear differential spaces 

In this section we prepare a basic technique for local theory. 



8 



3.3.1 Definition 



Let if be a differential field. Concider an affine space if". A differential module 
if [A]™ will be denoted by C n . For every element £ £ C n we define the mapping 
£ : if™ — > if by the following rule. Let £ = (£1, . . . , £„), where & £ if [A], and 
let x — (x\, . . . , x n ) £ if™. Then £(x) = £1X1 + . . . + £ n x„. The elements of 
module C n will be called linear differential functions on if™ and will be denoted 
by£(if"). 

Consider an arbitrary differential submodule N C £ n . For this submodulc 
we define the following set 

V(N) = {xe if" I V£ £ N: £(x) = 0}. 

Conversely, for every subset X C if™ we define a differential submodulc 

i(X) = {£££„U| x =0}. 

The sets of the form V(N) will be called linear differential spaces. 

For every natural number n consider the set of differential homomorphisms 
HoniR-[A](-^'[A]™, if). Then there is the mapping 

Hom K[A] (if[A]™,if)^if" 

by the rule £ 1— ► (£(ei), . . . , £(e„)), where ej is a standard basis of if [A]™. Since 
if [A]™ is free module, the constructed mapping is bijective. Let now N C if [A]" 
be a submodule. Then the set of all homomorphisms of Hom K [A] (if [A]", if ) 
vanishing on TV maps to V(N) bijcctivcly. It is clear that these homomorphisms 
can be identified with Rom K ^(K[A] n /N, K). In other words we have the 
bijection 

Uom K[A] (K[A] n /N,K)^V(N) 

by the rule £ ^> (£(ei), . . . , £(e n )). 

Now consider the symmetric algebra on the module if [A]™. So, 

R n = S K (K[A] n ). 

If ei, . . . , e„ are standard free generators of the module if [A]™, then the ring R n 
coincides with a differential polynomial ring if {ei, . . . , e„}. Then we may sup- 
pose that module if [A]™ is embedded into R n . For every submodulc N C if [A]" 
we define the ideal [N] — (N). Since [N] is a graded ideal with respect 
to degree, we have [N] fl if [A]™ = N. The ideal [N] is prime because it is 
generated by linear differential polynomials. Every differential homomorphism 
£ £ Homjj-[A](if [A]™, if ) gives a differential homomorphism £: R n — > if. The 
last correspondence is a bijection between the set of all differential homomor- 
phisms of Hom^-[A](if [A]", if) and the set of all differential rings homomor- 
phisms R n ^ if • 

Statement 8 (Nullstellensatz). For every differential submodule N C C n we 
have N = I(V(N)). 
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Proof. The inclusion N C I(V(N)) is obvious. Let us show the other one. 
Consider the algebra R n and the ideal [N]. Let x £ K[A] n \N. Since [N] n 
AT[A] n = N, x £ [N]. We know that the ideal [AT] is prime and the field K is 
differentially closed. Therefore there exists a point a £ AT" such that for every 
/ 6 [AT] we have /(a) = and x(a) ^ 0. So, a; is not in I(V(N)). □ 

Let V C K n be a linear differential space. Consider the restriction of func- 
tions in AT[A] n to V. The resulting module will be denoted by C(V) and called 
the module of linear differential functions on V. From the previous theorem it 
follows that C(V) is isomorphic to K[A] n / I(V). Then the symmetric algebra 
Sk(£(V)) can be identified with coordinate ring of differential algebraic variety 
V C K n . 

Let (pi, . . . , ip m be elements of AT [A]™. Then we define a linear differential 
mapping ip: K n — > K rn by the rule: if x £ AT™, the coordinates of the point <p(x) 
equal <fii(x), . . . ,ip m (x). Let y and U be linear differential spaces in AT" and 
AT™ respectively. Then the mapping tp: V — ► {/ is called a linear differential 
mapping if it coincides with a restriction of some linear differential mapping 
from AT" to AT™. 

3.3.2 Characteristic sets 

Let = AT[A]™ be a free differential module, and let its standard basis be 
denoted by ei, . . . , e„. Then the module W is generated by 9e i: where 9 £ 6. By 
a ranking of e±, . . . , e n we shall mean a total ordering of the set of all derivatives 
6ei that satisfies the two conditions 

u ^ 9u, u ^ v ^ 9u ^ 9v. 

From statement [7J chapter 0, sec. 17, lemma 15] it follows that ranking exists 
and every ranking is a well ordering of the set of all derivatives #e;. A ranking 
will be said to be orderly if the rank of 9a is less then that of 6'ej whenever 
ord6> < ord0'. 

Let w be an element of W. Then it is a linear combination of elements 9ei. 
Let u w denotes a leading derivative involved in w. So, there appear a pre-order 
on the set W. Namely, we compare two elements by their leading vectors. Let 
w' be other element of W. We shall say that w' is reduced with respect to w if w' 
is free of every derivative of u w . The set of elements of W will be called reduced 
if every element of this set is reduced with respect to every other element. The 
fact that every autoreduced set is finite is a corollary of lemma [7J chapter 0, 
sec. 17, lemma 15(a)] is 

Now we shall define a particular order on the set of all autoreduced sets of 
W. Let A — {/i, . . . , f r } and B = {gi, . . . , g s } be autoreduced sets such that 
their elements are arranged in order of increasing rank. We shall say that rank 
of A is less than rank of B if 

1 . There exist k £ N k ^ r and k ^ s such that Uf t = u 9i whenever 1 ^ i < k 
and u fh < u gk . 
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2. Or r > s and Uf t = u Qi whenever 1 ^ i ^ s. 

It should be noted that if r = s and for every i we have ut t = u 9i 1 ^ i ^ s, 
then A and B has the same rank. 

Statement 9. In every nonempty set of autoreduced subsets of W there exists 
an autoreduced set of minimal rank. 

Proof. Let A be any nonempty set of autoreduced subsets of W . Define by 
induction an infinite decreasing sequence of subsets of A by the conditions that 
A = Ao and, for i > 0, Ai is the set of all autoreduced sets A £ Ai-i with 
| .A | ^ i such that the «-th lowest element of A is of lowest possible rank. It 
is obvious that in all elements of Ai the i-th lowest elements have the same 
leader Vi . If every At were nonempty, then the leaders Vi would form an infinite 
sequence of derivatives of e% such that no is a derivative of any other, and this 
would contradict lemma [7, chapter 0, sec. 17, lemma 15(a)]. Therefore there is 
a smallest i such that Ai = and, since A — A® ^ 0, i > 0. Any element of 
Ai-i is clearly an autoreduced subset in A of lowest rank. □ 

For every submodule N C W there exists a minimal autoreduced subset 
consisting of elements of N. Such autoreduced sets we shall call characteristic 
sets of N. 

3.3.3 Dimension 

There are two equivalent methods to define dimension of linear differential space. 
Let V be a linear differential space, and let C(V) be the set of all linear dif- 
ferential functions on V. Using the module C(V) we shall define dimension of 
V. 

The set of elements j/i, . . . , y<z of differential module M over a field K is 
called differentially independent if the set 6yi is linearly independent. The 
maximal number of differentially independent elements of module M is called a 
differential dimension of M. 

The second way of defining differential dimension is the following. Let 
yi, . . . , y n be differential generators of M. The there is a family of subspaces in 
M 

M k =< 6»iyi, . . . , 9 n y n | ordfl.; < k > K . 

All subspaces Mk are of finite dimension. Therefore there is a function tp(k) = 
dimx Mfc. Statement chapter I, sec. 4, th.] guaranties that for sufficiently 
large k the function ip(k) coincides with a polynomial of degree not greater 
that |A|. This polynomial is called a differential dimension polynomial. The 
coefficient at term t m has the form a m /m\. Then the number a m is called 
differential dimension of M. Statement [3 chapter III, sec 2, prop.] says that 
these both definitions coincide. We shall denote differential dimension of module 
M by diniAK M. Moreover statement [5j chapter III, sec. 2, lemma] says that 
dimension has an appropriate behavior. Namely, for every exact sequence of 
differential nodules — > M' — * M — » M" — > 0, there is the equality dim^K M = 
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diniAK M' + dimAK M" . Differential dimension of linear differential space is a 
differential dimension of its module of linear differential functions. 

The next our purpose is to derive the information about other coefficients of 
differential dimension polynomial in the case of one derivation. In the following 
statement we suppose that we deal with the case of one derivation 5. 

Statement 10. Let M be a differentially finitely generated module over a field 
K of differential dimension d. Let mi, ... , m n be a system of differential gener- 
ators, and let ip(t) = dt + r be the differential dimension polynomial calculated 
by the given set of generators. Then among the elements 

mi, ...,m n 

there are d differentially independent elements m^ , . . . , such that the quo- 
tient module M/\rrii 1 , . . . , rrii d ] is a vector space of dimension r over K. 

Proof. The module M can be presented as follows M = K[5] n /N, where stan- 
dard basis maps to m^. Let us fix an orderly ranking. And let F be a 
characteristic set for N. Changing the order of elements m, we can suppose 
that mi, ... , m,d are differentially independent and the leaders of elements of F 
are derivatives of m^+i, . . . , m n . Assume that leaders have the following form 
0d+ied+i, • ■ • , n e n . It is clear that in this situation a free term of differential 
dimension polynomial coincides with number of elements in the following set 

{ 9ei | d + 1 < i < n, 9ei < Qiei }. 

But this set form a basis of the quotient space 

M/[mi, . . . ,m d ]. 

□ 

4 Associated graded algebra 

Let A be a differential algebra over a field K such that there exists a family of 
elements x = (x\, . . . , x n ) with the following property The algebra A coincides 
with K{xi, . . . , x n }p, where p is a prime differential ideal of K{x\, . . . ,x n }. 
Such system of elements x we shall call a system of local generators of A. Let 
B denote the algebra generated over K by elements x\, . . . , x n . The maximal 
ideal of A will be denoted by m. The images of x% in B/p will be denoted by 
Xi. Then the system x = (x\, . . . ,x n ) is the family of differential generators of 
B/p. For our system of generators we define the rings B r = K[6iXi \ ord#i ^ r] 
and (B/p) r = K[6 i x l \ oid6 l ^ r]. Then we define p r — B r n p, A r = (B r ) Pr , 
and the maximal ideal of A r will be denoted by m r . 
Consider an associated graded algebra 

G m (A) = A/m © m/m 2 © ... © m™/m" +1 © . . . 

It coincides with a direct limit of associated graded algebras G mr (A r ) . Moreover, 
G m (A) is differentially finitely generated over A/m. 
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Theorem 11. Let notation be as above. If B is an integral domain, then 

1. typeG m (A) < type A. 

2. If type G m (A) = type A, then typical differential height of G m (A) is not 
greater than typical differential height of A. 

3. dim A G m (A) ^ dim A B - dim A B/p = ht A A. 

Proof. Corollary [5J chapter 5, sec. 14, coroll. 3(1)] says that 

dim i?,. = dimA r + dim(_B r /p r ). 

We know that B r /p r = (B/p) r . Theorem [TJ chapter 11, sec. 2, th. 11.14] with 
statement [3] guaranty that there is the following sequence of equalities 

dimA,. = d(A r ) = d(G mr (A r )) = ht(G mr (A r )). 

Consider the natural mapping G mr (A r ) — > G m (A). Let us denote its image 
by D' r . Consider the smallest A/m algebra generated by D' r . In other word, 
consider A/m ■ D' r . We shall denote this algebra by D r . If 

where D' r0 = A r /m r , then 

D r = (Bk^oDrk, 

where D r k = A/m- D' rk . Consequently, dimension of D' rk over K coincides with 
dimension of D rk over A/m. So, 

ht D r = ht D' r < ht G mr (A r ). 

From the construction we have 5{D r ) C _D r +i for every r and every S G A. 
Moreover, 

G m (A) =\jD k . 

k^O 

Let y = (j/xj • • • , Vt) be a system of differential generators of G m (A) over A/m. 
Then for some ro it follows that for all i we have yi € D ra . Therefore 

G m (A) r C D 

Hence we have the following sequence of inequalities 

dimG m (A) r ^ dimD r+ro = ht D r+ra ^ 
< htG mr+ro (A r+ro ) = dimB r+ro - dim(B/p) r+ro . 

So, for some ro we have that for all r the following holds 

dimG m (A) r ^ dimi? r+ro — dim(B/p) r+ro = dimA r+ro . 

Since the functions above are polynomials with integer values, all three results 
immediately follows from the last inequality and definitions. □ 
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We shall show that in the previous theorem we can not change the inequality 
to an equality. The following example appeared in work [4]. We just add some 
remarks to it. 

Example 12. Let if be a field with one differential operator and K<y> be 
a differential extension of K such that y and y' are algebraically independent 
over K and y" — y' jy. If we let B — K{y}, then Bq = K[y] and B r = 
K[y,y' /y r ~ 1 ] if r > 0. Clearly By is a prime differential ideal of B, and in 
fact B/By = K. Let A = B By . Since y' = y r - 1 {y' /y^ 1 ) G Bif^ 1 for all 
r > 1, y' G n^oW d . Let us show that [j/'] = fl^o"^- Indeed, It is easy to see 
that the ring A' = Asy/ly'] coincides with K[y]( 9 \, where y' = 0. But the ring 
A' is regular, so the intersection of powers of maximal ideal of A' is zero. Let 
us note that under the homomorphism A —* A' the powers of maximal ideal 
of A corresponds to the powers of maximal ideal of A' (because the kernel is 
contained in the intersection n<^om <i ). It is clear that G m (A) = G m (A') = K[t\. 
So, typical differential height of A is equal to its transcendence degree 2, but 
typical differential height of associated graded ring is 1. 

5 Cotangent spaces 
5.1 Definition 

Let if be a differential field with the set of derivations A. Let B be a dif- 
ferentially finitely generated algebra over K not containing nilpotent elements. 
Then for such algebra B we can produce a differential algebraic variety as fol- 
lows. Let yi,...,y n be a family of differential generators of B. Then B = 
K {yi, . . . , y„}/a, where a is a radical differential ideal. We define the set 
X = V(a) consisting of all common zeros for a in K n . So, B can be identified 
with a coordinate ring of X is sense of [2] . Let m C B be a maximal differential 
ideal of B. Since K is differentially closed, m = [y\ — a\, . . . , y n — a n ]. So all 
maximal differential ideals correspond to points of X . If x S X is a point of 
the variety, then the corresponding maximal differential ideal will be denoted 
by m x or simpler by m, when it is known what point is under consideration. 

We shall define cotangent space for a given point x. Consider local ring 
A = B m , where m corresponds to x. Then the ideal m is differentially finitely 
generated in A. Therefore the quotient module m/m 2 is differentially finitely 
generated over A/m. Since K is differentially closed the field A/m coincides 
with K. In other words, module m/m 2 is differentially finitely generated over 
K . This module will be called a cotangent space for x and denoted by T*. 

We shall describe the second construction of cotangent space. Let FIa/k 
be the module of Kahler differentials of A over K. In [5] it is shown that this 
module is a differential module over A. Then statement [H chapter 10, sec. 25, 
th. 58] guaranties that Q,a ik ®a A/tn = m/m 2 . It is easy to see that the last 
isomorphism is an isomorphism of differential modules. This definition allows 
to calculate cotangent spaces in applications. Namely, if the differential ring B 
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is of the following form 



K{yi,...,y n }/[fi,...,f s ], 

then module of differentials has the following form 

M b /k =< dyi, . . .,dy n > /[dfx, . . .,df s ). 

Using localization and tensor products, we are able to calculate cotangent space 
of every point. 

Tangent space for a; is a linear differential space corresponding to module 
m/m 2 . Explicitly, let yi,...,y n be the set of differential generators of m/m 2 . 
Then this module has the following form m/m 2 = K[A] n /N. The tangent space 
T x coincides with V(N) C K n . 

5.2 Regular points of differential spectrum 

We shall use the definition of a regular point of differential spectrum from 0]. 
Whenever a local ring A is given we shall always associate with it the following 
notation 

• m the maximal ideal of A. 

• P{A) = Sk (m/m 2 ) the symmetric algebra over K on vector space m/m 2 . 

• G{A) — © ( i>o T n d /'rt d+1 the associated graded algebra of A. 

• ta ■ P{A) —> G(A) the unique X-algebra homomorphism that extends the 
identity mapping of m/m 2 . 

Let A be a differential algebra over K such that there is a system of elements 
x — [x\, . . . , x n ) in A with the following property. The algebra A coincides with 
K{xi, . . . ,x n }p, where p is a prime differential ideal of K{x\, . . . ,x„}. The K- 
algebra generated by elements xi, ■ ■ . ,x n will be denoted by B. The maximal 
ideal of A will be denoted by m. For our system of generators we define the ring 
B r = K[0iXi | ord6>i ^ r]. Then we define p r = B r n p, A r = (B r ) Vr , and the 
maximal ideal of A r will be denoted by m r . 

We shall say that the ring A is regular if the following conditions hold: 

(Al): The mapping ta - P{A) — > G(A) is an isomorphism. 
(A2): There exists a system of local generators for A such that 

4> r : A/m ® ^A r /K — * A/m^flA/K 
is injective for all r ^ 0. 
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Let B be a differentially finitely generated algebra over a field K. Let p be a 
prime differential ideal of B. We shall say that p is a regular point of differential 
spectrum if the local ring B v is regular. The set of local generators in condition 
(A2) we shall call the set of regular local generators of A or the set of regular 
generators for p in B. 

It should be noted that for every differentially finitely generated integral 
domain the set of all regular points is open and everywhere dense [4[ sec. 5, 
pp. 228, th.]. 

For every system of local generators x — (x±, ...,x n ) of A the set dx = 
(dxi, . . . ,dx n ) is a system of differential generators of Qa/k- Therefore their 
images dx = (dxi, . . . , dx n ) are differential generators of 

A/m ® Qa/k = m/m 2 . 

Define the sequence of modules Mk Q M = m/m 2 as follows 

M k =< 6idxi | ord0i ^k> K . 
Let Q,' r = A <E>A r ^a,,/k- Then it is easy to see that 

M r = (j> r (A/m®n' r ). 

A 

Dimension of vector space M t over K will be denoted by x¥-{t) ■ 

Statement 13. Let notation be as above. Suppose that the local ring A is 
regular. Let B C A be a differential subalgebra generated by regular system of 
generators. The ideal p will denote the contraction of m to B. Then 

Proof. Since A is regular, then A is an integral domain [4l sec. 2, prop. 1]. Since 
finitely generated integral domain Bt is universally catenary, then we have the 
equality Xx(*) = X§ /P (t) + xi (*) (see 18, chapter 14, sec. 14.H, coroll. 3]). 
Since A t is a regular local ring (see [H sec. 2, prop. 1]), then 

tr deg^ Qt(A) = rk tt At /K 

(see [H sec. 1, lemma 4(2)]). Consequently, we have the sequence of equalities 

dim B t = trdeg^- A = rk0^ t /x = diniK-(A/m (8) VLA t /K}- 

At 

Since the mapping <p r is an isomorphism onto its image, then 
dim is: (A/m ® ^Ah/k) = dim K M t . 

At 

We have dimB f = dim K M k . So, x%{t) = X^{t)- □ 

Corollary 14. Let B be a differentially finitely generated integral domain over 
a field K . And let p be a regular point of differential spectrum of B . Define 
A = Bp and m is its maximal ideal. Then 

dmiAif m/m 2 = diniA B — diniA B/p. 
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5.3 Dimension 



Let B be a differentially finitely generated algebra over a field K, and let p be 
a prime differential ideal of B. Consider the ring A p . Its maximal ideal will be 
denoted by m. We are interested in local rings satisfying condition (Al) from 
the definition of regular point of differential spectrum. 

Theorem 15. Let B be a differentially finitely generated integral domain over 
K and let p be a point of differential spectrum satisfying condition (Al). Let 
us denote the residue field of p by L, the fraction field of B by F , and A = B p 
be a local ring with a maximal ideal m. Then the following holds 

dim a m/m 2 = dim a B — dim a B/p 

or using the language of the fields 

dimA m/m 2 = trdeg A /f F — trdeg A if L 

Proof. The inequality 

dimA m/m 2 > dim a B — dimA B/p 

was proven in theorem [5J sec. 4, pp. 96]. We shall show the other one. Indeed, 
for every given point m we know that 

P(A) = G(A). 

Then, from one hand, differential dimension of module m/m 2 coincides with 
differential dimension of algebra P(A) = 5A'(m/m 2 ). From the other hand, 
from theorem [IT] it follows that differential dimension of G(A) is not greater 
than 

dimA B — dimA B/p, 
Q.E.D. □ 

The geometrical meaning of the previous theorem is the following. For ev- 
ery point of differential algebraic variety satisfying condition (Al) differential 
dimension of tangent space coincides with differential dimension of the variety. 
If we combine this result with theorem [H sec. 5, pp. 228] we obtain that the 
set of all such points contains an open everywhere dense set. 

6 Classification 

The last attainment of our work is a classification of tangent spaces at regular 
points of differential algebraic varieties in the case of one derivation. The de- 
tailed theory of differential algebraic varieties is given in [2J. We shall borrow 
terms and notation from this work. 

Let K be a differentially closed field with the subfield of constants C. Let 
X be an irreducible differential algebraic variety over K. Let B be a coordinate 
ring for X. 
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Theorem 16. Let X be an irreducible differential algebraic variety. Let x — 
(xi, . . . , x n ) be coordinates on X . So, 

B = K{X} = K{x x ,...,x n }/I{X). 

Assume that a point y G X is regular in coordinates x±, . . . ,x n , and let dif- 
ferential dimension polynomial has the following form x^(t) — dt + r. Then 
the tangent space at y is of the form T y = K d x C , where d coincides with 
differential dimension of X and k is less then or equal to r. 

Proof. Let m be the maximal ideal of a point y 6 X. Consider the cotangent 
space T* = m/m 2 . This module is a left module over the ring of differential 
operators K[S\. The last ring is left and right euclidian (9] chapter 2, sec. 1, 
lemma 2.1]. Since m/m 2 is finitely generated module over K[5], it is isomorphic 
to 

K [8]® n © K[5]/ Pl K[5] © . . . © K[8]/ Ps K[S}. 

We shall denote the submodule K[S\/p\K[S\ © ... © K[5]/p s K[S] by V. Then 
V is a vector space of finite dimension over K . We shall denote its dimension 
by k. Let e±, . . . , e k be a basis of V over K . Then 

S(ei, . . . , efe) = (ei, . . . , e k )C 

For some matrix C S Mf.(K). Let us change the basis using a matrix B as 
follows 

(ei,---,4) = {e x ,...,e k )B. 

So, 

£(e'i, ...,e' k ) = (e^ . . .,e' k )C 

Then the matrix C coincides with B~ 1 CB+B~ 1 5B. We shall solve the equation 
C = 0. The equation is equivalent to 6B = —CB. Statement b 9, chapter 1, 
sec. 3, prop. 1.20] says that there exists a desired nondegenerated matrix B with 
coefficients in some Picard-Vessiot extension. But the field K is differentially 
closed, therefore it contains all Picard-Vessiot extensions. So, the matrix B 
belongs to GL k (K). Using vectors e[, . . . , e' k as a basis, we have 

V = {K[S\J 5K[S\) mk . 

So, the module m/m 2 is isomorphic to 

K [Sf n © (K[S]/6K[5])® k . 

By the definition it is clear that n — dimAm/m 2 . And from corollary [Til it 
follows that n = dimA B = dimX. The corresponding tangent space has the 
form K d x C k . 

We shall show the estimate for k. Statement [T3] says that differential di- 
mension polynomial of m/m 2 calculated in induced coordinates coincides with 
dt + r. Submodule V intersects any free submodule T of T* by zero. From 
statement [10] it follows that there is a free submodule T in T* such that 
T*/T has dimension r. But V can be embedded to T*/T, and therefore 
k = dim a- V ^ dim a- T*/T = r □ 
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Example 17. The goal of this example is to show that coefficient k from the 
previous statement depends on the choice of a regular point and can take any 
value from to a value of free term of differential dimension polynomial. 

Let K be a differential field with a subfield of constants C. Consider the ring 
of differential polynomials K{z,y} and the ideal \zy' — y]. Let us note that the 
ring K{z,y} z /[zy' — y] has no zero divisors. From criterion [H sec. 3, pp. 219, 
th.] it follows that points (z, y) such that z ^ are regular points of the variety 
X given by the equation zy' — y = 0. Let us note that there is a unique point 
with condition z = 0. This point is (0, 0). 

Consider tangent spaces in all points except (0,0). We shall show that for 
every point (zo,Vo) such that zq ^ 0,y' o / the tangent space is K, and for 
other points (conditions are z ^0,y' = 0) the tangent space is K x C. Indeed, 
cotangent space at point m = [z — zq, y — yo] has the following form 

m/m 2 = VLa/k ®a A/m, 

where A is local ring corresponding to the point. Then 

m/m 2 = <dz, dy>/[zody' + y' dz — dy]. 

The last module can be presented as 

K[8]®K[5]/(y' ,-l + z 6). 

Note if y' = 0, then cotangent space is K [6] © K \S\/8K[S\ otherwise K[S]. 

We shall show the examples of these two possibilities. For the point (1,0) 
tangent space is specified by the equation dy' — dy = 0. Let 7 be a nonzero 
solution of the last equation. Then the set of all points (z, cry), where z S K and 
c G C, is the tangent space at (1, 0) and is isomorphic to K x C. Consider the 
point (t,t), where t G K such that t' = 1. Then the tangent space is specified 
by the equation tdy' + dz~dy — 0. Hence the set of all points (y — ty', y), where 
y G K, is the tangent space at point (t, t) and is isomorphic to K . 
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